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Abstract 

We propose a new procedure to embed second class systems by introducing 
Wess-Zumino (WZ) fields in order to unveil hidden symmetries existent in the 
models. This formalism is based on the direct imposition that the new Hamil¬ 
tonian must be invariant by gauge-symmetry transformations. An interesting 
feature in this approach is the possibility to find a representation for the WZ 
helds in a convenient way, which leads to preserve the gauge symmetry in the 
original phase space. Consequently, the gauge-invariant Hamiltonian can be 
written only in terms of the original phase-space variables. In this situation, 
the WZ variables are only auxiliary tools that permit to reveal the hidden 
symmetries present in the original second class model. We apply this for¬ 
malism to important physical models: the reduced-SU(2) Skyrme model, the 
Chern-Simons-Proca quantum mechanics and the chiral bosons field theory. 
In all these systems, the gauge-invariant Hamiltonians are derived in a very 
simple way. 
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I. INTRODUCTION 

It is well known that through symmetries, important properties present on physical 
systems might be investigated in a more general way. In view of this, many works [jl|,^,|^ 
have embedded second class systems into hrst class ones by enlarging the phase-space with 
the introduction of Wess-Zumino (WZ) variables. At the same time, an alternative gauge- 
invariant approach |Q,|[ has been proposed, which considers part of the total second class 
constraints as gauge hxing terms, while the remaining ones form a subset that satishes a hrst 
class algebra. This formalism has an elegant property that does not extend the phase-space 
with extra variables. 

The main feature of this paper is to propose an alternative scheme to embed noninvariant 
models and, in some cases, to extract hidden symmetries existent in those models. This new 
approach mixes the WZ and projection concepts idealized in Ref. [|] and Refs. [|,H, respec¬ 
tively. We will extend the initial noninvariant gauge Hamiltonian with the introduction of 
an arbitrary function G written in terms of the original phase space and WZ variables, as 
suggested by Faddeev p. Afterward, the extended Hamiltonian is constructed such as it 
must satisfy the variational condition, SII = 0, i.e., the new Hamiltonian must be invariant 
by gauge-symmetry transformations. Here, it is opportune to mention that symmetries, 
obtained in the other constrained conversion formalisms appear as a consequence of 

the hrst class conversion mechanism. We will see that the possibility of choosing particular 
symmetries for the WZ terms leads to the considerable simplihcations in the determination 
of the gauge invariant Hamiltonian. Further, we show that the WZ terms can be determined 
in some cases, and consequently, the invariant Hamiltonian can be written only as function 
of the original phase-space variables. It is important to mention that the WZ helds, in these 
cases, are auxiliary variables that permit to reveal the hidden symmetries present in the 
original system. 

In order to clarify the exposition of the subject, the paper is organized as follows. In 
Sec. H, the formalism, which it will be called as “variational gauge-invariant formalism”, 
will be presented in detail. In Sec. HI, we will apply this formalism on some important 
physical systems in order to unveil the hidden symmetries. We begin considering to study 
the SU(2) Skyrme model 0, which is an effective held theory to describe hadrons physics. 
Nappi et al. P, using collective coordinates, reduced the SU(2) Skyrme model to a nonlinear 
quantum mechanical model depending explicitly on the time-dependent collective variables. 
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which satishes a spherical constraint. Dne to the nonlinear strnctnre of the Skyrme model, 
here we consider this second class constrained system as a nontrivial application of onr 
gange-invariant formalism. Afterward, the Chern-Simons-Proca (CSP) model B0 is con¬ 
sidered. It is a qnantnm mechanical system obtained from the Abelian Chern-Simons theory, 
which has the gange held modihed by adding a Proca mass term. This modihcation leads 
to a signihcant pertnrbation of the Chern-Simons action in the infrared limit, which conld 
have physically relevant conseqnences, for example, in the qnantnm Hall effect or high- 
temperatnre snpercondnctivity. In Ref. JT^, the anthors investigate the infrared limit of the 
Abelian Chern-Simons-Proca theory and fonnd that this limit can be described by two a 
priori different topological qnantnm mechanical model Q. This model exhibits a noncom- 
mntative geometry and an important resnlt of onr gange-invariant conversion formalism is 
the obtainment of a commntative version of the Chern-Simons-Proca qnantnm mechanical 
model. To hnish, we consider the two dimensional self-dnal boson theory proposed by Siegel 


11| many years ago. However, this description conld not be qnantized becanse it is anoma- 


lons at the qnantnm level. Many anthors have attempted to solve this problem following 
different strategies, however, it was not achieved nntil the Floreanini and Jackiw’s paper 
r^ , where the self-dnal helds were qnantized in a consistent way just basing the process on 


an unconventional Poincare symmetry. In this section, we will see that the WZ auxiliary 
held is essential to derive the hrst class version of the two dimensional chiral-boson held 
theory. In Sec. IV, the last section, we will discuss our hndings together with our hnal 
comments and conclusions. 


II. GENERAL FORMALISM 

In this section, we present a sketch of the variational gauge-invariant formalism. To 
this end, a general second class constrained mechanical system is considered to study. This 
system has the dynamic governed by a Lagrangian C{qi, qi,t) {i = 1,2,..., N), where qi and 
qi are the space and velocities variables, respectively, with a set of second class constraints 
{Ta{qi,Pi), a = 1,2, ...,M, M < N, where Pi is the canonical momentum conjugated to 
the variable qt). Notice that this consideration does not lead to lost generality or physical 
content. In order to systematize this formalism, we separate the development following two 
steps. The hrst one is to consider the set of second class constraints and consecutive split 
up it in two subset, where one is chosen to construct the R{R < M) symmetry generators 
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with the auxiliary WZ variables {0a,T^da)j while the other one is considered as being the 
gauge-hxing terms which are discarded by the variational gauge-invariant formalism. Here, 
we would like to mention that the number of hrst class symmetry generators must be cho¬ 
sen such that the resulting hrst class theory have the same physical degrees of freedom of 
the original second class model. This equality, certainly, indicates the equivalence of the 
converted hrst class theory and the initial second class model. In general, given the initial 
2N second class constraints, we must select N constraints (except in the chiral bosons held 
theory as we will see) to be the generators of the symmetry. In the second step, an arbitrary 
function G dependent on the original phase space variables {qi,Pi) and WZ helds, 9a, is 
added in the canonical Hamiltonian with the purpose to construct a gauge-invariant Hamil¬ 
tonian. We impose that this new Hamiltonian, H, must be invariant by gauge-symmetry 
transformations, using for this, the R symmetry generators (see Eq.(P)), initially dehned. 
Consequently, this procedure leads to the complete determination of the arbitrary function. 

Let us to start considering the following set of second class constraints 

Taiqi,Pi)^0, with a = l, 2 ,...,M ( 1 ) 

obtained through the iterative Dirac’s procedure. Note that the Dirac’s matrix, given by 

Dab = {Ta,Ti,}, ( 2 ) 

it is a nonsingular matrix. In this scenario, the system has its dynamic described by the 
canonical Hamiltonian {He = He{qi,Pi)) together with the Dirac’s brackets among the phase 
space variables. Notice that in this context, the gauge symmetry is hidden. Thus, our 
purpose is to reveal this symmetry, in principle, enlarging the original set of phase space 
variables by introducing WZ helds 6a- At the end, in some cases, these WZ helds can be 
determined in a convenient way in order to unveil the gauge symmetry in the original set of 
phase space variables. 

The variational gauge-invariant formalism begins forging the algebraic form of the gen¬ 
erators of the symmetry with the WZ terms as 

fa = CaTa + DaTg^, with a = 1,2,..., R (3) 

where Tg^ is a function of the WZ variables ( 6 ^ 0 , Tr^^) and Ca and Da are constants. Note 
that there is not sum in a indices in Eq.(|^). Further, the hrst class algebra among these 
generators, Eq.(|]), must be obeyed, namely. 
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= (4) 

which restricts the values assumed by the constants Ca and Da- 

As Ta is the symmetry generator, the infinitesimal gauge transformations can be com¬ 
puted as well, namely, 

Spi = EaiPi, fa} = EaCaiPi, Ta], (5) 

66a = Ea{6a,fa} = £a-Da{6'«, }. 

The gauge-invariant Hamiltonian, H, is built by adding an arbitrary function G{qi,Pi, 6a) 
to the canonical Hamiltonian {He = Hc{qi,Pi)), namely, 

H = Hc +G{qi,pi,6a), (6) 

where the arbitrary function G{qi,pi,6a) is expressed as an expansion in order of the WZ 
fields, which is written as 

oo R 

G{qi,Pi,6a) = R<M. (7) 

n=la=l 

Note that this function satisfies the following boundary condition 

G{qi,pi,6a = b) = b. ( 8 ) 

Thus, it is important to remark that the introduction of the arbitrary function G will 
permit the construction of a gauge-invariant Hamiltonian from the canonical second class 
Hamiltonian. 

In order to obtain the arbitrary function, the variational condition 

6Ha = {H,fa} = b, (9) 

must be obeyed by the WZ extended Hamiltonian, given in Eq.(|). Consequently, for the 
correction terms G^^-^{qi,pi), present in Eq.(0), we have the following general equation 

CXD 

= + + = 0 , ( 10 ) 

n=l 

which allows us to compute each correction term G°^-^{qi,Pi). Again, there is not sum in the 
a indices in Eq. ([T0|) . For linear correction term (n = 1), we have R relations 
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(qi, Pi)ddi — 0, 

Sld^ + G'^^^{qi,Pi)662 = 0 , 

6H^ + Gf^^{qi,Pi)6eR = 0. ( 11 ) 

For the quadratic correction term [n = 2), we get R relations 

+ 2Gl2){qi,Pi)6ei = 0 , 

SG‘f^){qi,Pi) + 2Gf^^{qi,Pi)6e2 = 0, 

= 0 . ( 12 ) 

For n > 2, the general relation is 


SG“yqt,Pi) + (n + l)G“„^i)(gi,pj)i59„ = 0. 


(13) 


This iterative process is successively repeated until the recursive relations (h^ becomes 
identically null. It leads to a complete determination of the arbitrary function G{qi,pi,6a) 
and, consequently, a complete determination of the invariant Hamiltonian H. Note that, in 
our formalism, the recursion relations (PH]), (P!2[ ) and (|^) presuppose that the transformation 
for 66 must be linear, i.e., independent of 6, since powers of 6 are being compared. Here, it 
is also opportune to mention that, due to the Eq. (|^), does not involve 9 itself. 

In some cases, there is the possibility that second class systems can not be described by 
a gauge invariant Hamiltonian H expressed with a hnite sum of WZ terms. In this case, 
due to the relations (0), (0) and (|T^ , H, Eq.(||), can be written as 


R 


H = H,+ J2 


-{H,,C^T^}9^ + 


2 ! 


3 

{{{H,, CaT^}, CaT^}, CM 0l+ ...), 




(14) 


3! \{6a,DaTg^}^ 

where, again, the repeated index a inside of the Poisson brackets, in the expression above, 
does not mean a sum. Any way, this is not seem a problem because the expression of Eq.( 
can be elegantly written in terms of a projection operator on He, given by 


H = PHe = He 


R /3 ' 

__ c 

{BcDcTg } _ 


E(e 

a.=l 




(15) 
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where the operator , applied to any function IF, is dehned by the following relation 

(16) 

It is interesting to point out that this situation also occurs in the usual constraint projector 
formalism [^. 

Finally, in order to eliminate the WZ auxiliary helds we must hnd a representation for 
each WZ variable written only in terms of the original phase space variable {qi,Pi), i.e., 
= fa{qi,Pi)- The algebraic form of this function is obtained imposing that it has the 
same inhnitesimal gauge transformation displayed by 9a, namely, 

S9a = Sfa{qi,Pi). (17) 

Notice that a procedure of verifying if the resulting hrst class theory reproduces the same 
equation of motion or the spectrum(at a quantum level) of the initial second class model 
must be evaluated at the end of the application of the formalism. Thus, it is possible to 
derive a gauge-invariant Hamiltonian written only as a function of the original phase space 
variables {qi,Pi) satisfying the hrst class algebra 

{H,TJ = 0, a = l,2,...,R. (18) 


III. APPLICATIONS OF THE FORMALISM 


A. The reduced-SU(2) Skyrme model 

Few decades ago, Skyrme proposed to describe baryons as topological solutions of the 
SU(2) NLSM with an appropriate stabilizing term. The semi-classical quantization of the 
model was obtaining in [§ separating the collective coordinate. Let us consider the SU(2) 
Skyrmion Lagrangian 

L = j I^Tr (d^U^d^u) + ^Tr 

where is the pion decay constant and e is a dimensionless parameter, f/ is a SU{2) matrix 
transforming as U ^ AUB~^ under chiral SU{2) x SU{2), satisfying the boundary condition 
lim U = I so that the pion held vanishes as r goes to inhnity. There are soliton solutions 

r—^■OO 


U^d^^U, U^d^'U 


,n2 


(19) 
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described by the action whose topological number are identified with the baryon number. 
To describe the static soliton we start with the ansatz U{r) = eyy){ifaXaf{r)} where Tq are 
Pauli matrices, x = xjr and lim /(r) = 0 and /(O) = tt. Performing the collective semi- 
classical expansion in ([T^) ||], where U{r,t) = A{t)U{r)A\t) and A G SU{2), we obtain 
after performing the space integral, 


L = -M + TTr . 


( 20 ) 


M and X are the soliton mass and the moment of inertia, respectively, which in the hedgehog 
ansatz are given by 


M 





sm^ / 
H- - 

g2^2 



and 


I 





( 21 ) 


( 22 ) 


The unitary matrix A may be represented by A = uq + i a.r, which satisfies the spherical 
constraint 


aiUi -1 = 0, (23) 

since the condition AA^ = 1 must be obeyed. In terms of these variables, the Skyrmion 

Lagrangian 0 becomes 

L = — M -1- 2 X didi -f — 1), (24) 

where C is a Lagrange multiplier that enforces the spherical constraint into the model. The 
corresponding Hamiltonian is 

H = M + ^TTi-Ki-({atai-l), (25) 

OX 

where the canonical momenta conjugated to the collective coordinates a* are 

TTi = 4Xdi, (26) 

while the canonical momentum conjugated to the Lagrange multiplier C, is, indeed, a primary 
constraint, which is read as 
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Ti = TT^. (27) 

From the temporal stability condition, secondary, tertiary and quaternary constraints are 
required, namely. 


T2 OjiO>i 1 ; 
^3 


n 


“ 1 “ (^Cli(li> 

OX 


(28) 


Note that the last relation allows to fix the Lagrange multiplier, consequently, no more 
constraints arise from the iterative Dirac procedure. Due to this, the model has four second 
class constraints. 

At this stage, we are ready to address the question of constraint conversion through 
the variational gauge-invariant formalism proposed in the last Section. The conversion 
process starts assuming that two second class constraints must be picked up to construct 
the gauge symmetry generators, and consequently two additional WZ variables, 6*1 and 
02, are introduced. To put our work in perspective with other papers ||T3|JT^ , we choose 
the spherical constraint T 2 , Eq.(p 8 D and the constraint Ti, Eq. ( 0 ). to forge the first class 
constraints that will play the role of gauge symmetry generators. To this end, we begin to 
pick up the gauge symmetry generators as 


T2 — T2 + — ttitti — 1 -|- TTg -^, 

Ti = Ti -|- TTg^ = TT^ -|- TTg^. (29) 


Recall that Tig^ and ng^ are the WZ variables satisfying the canonical algebras {Oi,'ng^} = 
1 , { 02 , = 1 ; and T 2 and Ti satisfy the first class algebra 

{T 2 ,Ti} = 0. (30) 


The invariant Hamiltonian is written as 


H = H,+ G{ai, 71,, C, 01, 02) 

= M + ~ C(ajaj ~ 1) + ^(1)^1 + + G^(2 )(^i)^ + ^(2)(^2)^ -|- .... (31) 

In agreement with the variational gauge-invariant formalism, the Hamiltonian H must 
obey the variational principle (5i7“ = {H, Tk} = 0), i.e., this Hamiltonian must be invariant 
under the infinitesimal gauge transformations generated by symmetry generators T 2 and Ti. 
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To compute all the corrections terms in order of 6 *i, we use the inhnitesimal gauge 
transformations generated by symmetry generator T 2 , given by 

dui = e{ai,f2} = 0 , 

SvTi = e{7ri,f2} = -2eai, 

6 C = e{C,f2 } = 0, (32) 

661 = e{ 6 i, T 2 } = s, 

662 = e{e2,f2} = 0, 

where £ is an inhnitesimal parameter. 

From the invariance condition 6 H°‘ = 0 (with a = 1,2) given in Eq. ( 0 ), and using the 
inhnitesimal gauge transformations (|3^ , we can compute all correction terms in order of 61 . 
For linear correction term in order of 61 , Eq. (pT|) , we get 

6 Hi + = 0 , 

-^euiTii + eGfi) = 0, (33) 

<^(i) = 

For the quadratic term, Eq.(^), we have 

“ 1 “ 2 G^ 2)^^1 ~ 0 ; 

——scLiai + 2sG^2) ~ 0) (34) 

1 

^( 2 ) ~ 2 X*^**^*' 

For the tertiary term, we obtain = 0, since i 5 G^ 2 ) = {^( 2 )’^ 2 } = 0. Due to this, all 
correction terms with n > 3 are null. 

To compute all the corrections terms in order of 6 * 2 , we use the inhnitesimal gauge 
transformations generated by symmetry generator Ti , given by 

Sui = e{ai,fi} = 0 , 

67ii = e{7ii,fi} = 0, 

5C = e{C,f^}=e, 

66, = e{e,,f^} = 0, 

662 = s{ 62 , Ti} = £. 


( 35 ) 
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For linear correction term in order of 02 , Eg. (pT]) , we get 

SH^ + = 0, 

- EiyUiOji - 1 ) “ 1 “ ^ 1 -^( 1 ) “ 0 ) 

G(i) !• 

For the quadratic term, Eq.(^), we have 

5G(i) + 2G(2)^^2 = 0, 

Gl) = 0 . 

Due to this result, all correction terms with n >2 are null. 

Therefore, the gauge invariant Hamiltonian is 

H = M + - ((aiOi - 1) + Oi + {aiUi - 1)62 + 

This Hamiltonian, by construction, satishes the gauge invariance property. 


[H,%} = 0, 


(36) 


(37) 


(38) 


(39) 


If we £x the Wess-Zumino variables equal to zero, i.e., the unitary gauge, we recover the 
initial second class Skyrme model. 

The invariant Hamiltonian, Eg. (^81) , can be elegantly written in terms of a gauge fields 
shifted, 

H = M + - ({aitti - 1), (40) 

where 


TTj = — + UiUi, 

C = C - 02. (41) 


This algebraic expression reminds the held-shifting Stiickelberg formalism 


Here, it is interesting to point out that the variational gauge-invariant formalism was 


capable to solve exactly the problem proposed by Amorim, Barcelos and Wotzasek that 
is the complete embedding of the nonlinear sigma modellil. 


^The BFFT formalism has solved this problem approximately. 
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From the infinitesimal transformations generated by T 2 and Ti( Eqs. (|^) ), = <56*2 = £, 

we can choose a representation for and 02 as 


01 = 


diTTi 


2ajaj ’ 


«2 = C 


(42) 


Snbstitnting the relation above in the Eg. (|38|) , we get the invariant canonical Hamiltonian 
written only in terms of the original phase-space variables, given by 


H = M + — 
81 




{aiTiif 


ttjttj j 


= M + 

81 


(43) 


where the phase space metric given by 






a a- 


,2 ’ 


(44) 


is a singnlar matrix which has Oj as an eigenvector with nnll eigenvalue, namely. 


= 0 . 


(45) 


Due to this, it is easy to show that the Hamiltonian is invariant under the infinitesimal 
gauge transformations (|32|) and (|3^) . In view of this, the original second class constraints 
T 2 and Ti become the gauge symmetry generators. Here, we can observe the auxiliary tools 
characteristic of the WZ variables 6*1 and 6*2 because, at first, the WZ variables are introduced 
in the second class Hamiltonian with the purpose to enforce the symmetries. Next, they are 
replaced by an adequate representation leading to reveal the hidden symmetries present in 
the original phase-space variables. 

Due to the fact that the matrix M is singular, Eq.(^), at first, it is not possible to 
obtain the first class Skyrmion Lagrangian written only in terms of the original phase-space 
variables. For more details see Ref. 0 . 

In order to show the quantum equivalence of our first class Hamiltonian, Eq. (^), and 
the initial second class Skyrme model, we will give an outline of the quantum mechanics 
treatment using for this the Dirac’s first class procedure. A very detail description of our 
procedure can be found in reference [H]. The physical wave functions must be annihilated 
by the first class operator constraints, reads as 
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The physical states that satisfy 


^2 I) phys 0) 

Tl\'ljj)phys = 0. 
]) are 


\i’)phys = y Siam - 1) 5(7r^) \polynomial). 


(46) 


(47) 


where V is the normalization factor and \polynomial) = +^^ 2 )^ • The corresponding 

qnantnm Hamiltonian is 


H = M + 


8A 




(OiTTi)^ 


CL J CL j 


(48) 


The spectrnm of the theory is determined by taking the scalar prodnct of the symmetrized 
invariant Hamiltonian, phys{'il^\H\'il^)phys, given by 

phys{^\H\'4^) phys 

{polynomial\ — J dai dTr^ 5{aiai — 1) 5(vr^) H5{aiai — 1) 5(vr^) {polynomial). (49) 

Integrating over a, and vr^, we obtain 

phys phys 

{polynomial\M + — TTjTTj — (ajTTj)^ {polynomial) 


= M + 


1 


8A L 

djdj + 


2 

= M + 


OpOp + 20 p + 
1 


8A 


/(/ + 2 ) + 


(50) 


where Op is defined as Op = aidi. In Eq.(^), the regnlarization of delta fnnc- 
tion squared like 6‘^{aiai — 1) and is performed by using the delta relation, 

27r(5(0) = limfc^o / = J dx = L. Then, we use the parameter L as the normaliza¬ 


tion factor. It is important to point out that the energy levels, formula (|50D , is the same 
obtained in a constrained second class treatment of the SU(2) Skyrme model |^. Thus, 
this result indicates that the variational gauge-invariant formalism produces a correct result 
when compared with the original second class system. 


B. Chiral boson quantum mechanics 


Chiral bosons, usually called self-dual fields in two space-time dimensions, have received 
much attention over the last decade because of their significant role played in the under¬ 
standing of several models with intrinsic chirality, as heterotic strings and quantum 
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Hall effect |^, for example. At the present time, it has experienced a revival since the 
study of the noncommutativity geometry became a relevant feature in the quantization of 
the Dp-brane in background held These models are specially interesting since the 
unique structure (Chern-Simons terms) that are available in three dimensions, give rise to 
topologically intricate phenomena without even-dimensions analogs. A quantum mechanical 
version of gauge held theory involving Chern-Simons terms has been proposed by Jackiw et 
al. 0. This was done in order to investigate in detail the change in symplectic structure that 
occurs when the vanishing of a parameter takes a second-order Lagrangian into a hrst-order 
one. 

The model proposed in Ref. 10 is a quantum mechanical particle of mass m and charge e 
constrained to move on a two-dimensional plane, interacting with a constant magnetic held 
(B), which is orthogonal to the plane. This model has its dynamic governed by the following 
Lagrangian 

B . k 


m 


i 


(51) 


where is an antisymmetric tensor, = ei 2 = 1). This model is analogous to the 
Lagrangian density for the three-dimensional topological massive electrodynamic in the Weyl 
gauge (A° = 0), reads as 


£=iA2 + fAxA-i(VxA)' 


(52) 


In Ref. the behavior of the model (^T]) was investigated in the vanishing mass limit 

(m —0) and was also shown to be analogue of a pure Chern-Simons(CS) gauge theory. 
Rescaling A —>• i/-A and setting u —0, the Lagrangian above is reduced to the pure CS 
theory 


k 

Ccs = -A X A. 


(63) 


Correspondingly, the vanishing mass limit in Eq.(^) produces the following Lagrangian 

B k 




(54) 


usually called Chern-Simons-Proca(CSP) quantum mechanical model. Recently, a similar 
approach was discussed in Ref. in order to investigate the contribution of noncommu- 
tative geometry in the quantization of D3-brane in background B-£eld. 
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The CSP model, described above, is an example of second class constrained theory since 
the constraints, given by 

Ti=pi + —eijqj 0, {i = 1, 2) (55) 

where Pi = are the canonical momenta, satisfy the following Poisson algebra 

{Ti,Tj} = Beij. (56) 


Due to this, the noncommutative nature of the model could be displayed after the compu¬ 
tation of the Dirac brackets among the phase space coordinates. It will be done through 


the symplectic method [0. As this model is described by a first-order Lagrangian, given in 
(^), the symplectic variables Cq, and the respective one-form canonical momenta are 


Cqi Qi ) 

, B 


‘■Qi 




with the following Hamiltonian(symplectic potential) 

k 

H = -qiQi. (57) 

The corresponding symplectic matrix is 

fmj ~ 

Since this matrix is nonsingular, it can be inverted to provide the noncommutative Dirac 
brackets, written as 


Qj}D — 

This complete our proposal of this section. 


(69) 


C. The gauge invariant CSP model 

In this section, we are involved with the reformulation of CSP model as a gauge invariant 
theory by using the variational gauge-invariant formalism. The main feature behind of 
this formalism is the enlargement of the phase space with the introduction of an arbitrary 
function G{qi,Pi, 6), given in Eq.([^, into the Hamiltonian. In agreement with this formalism, 
the CSP Hamiltonian, given in Eq. (pTl) , becomes 
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H = ^qiqi +G{qi,pi,6). (60) 

Afterwards, an algebraic form is settle to be the symmetry generator which, for the present 
problem, we choose 

f = Ti+pe = pi +^q2+pe, (61) 

where pe is a WZ variable which obeys the canonical algebra {OjPe} = 1. Dne to this, the 
inhnitesimal gauge transformations are 

6qi = e{qi,f} = e, 

5pi = e{pi,f} = 0 , 

6q2 = e{q2,f} = 0, (62) 

B 

5p2 = £{p2,f} = -e—, 

se = e{e,f} = e, 

where £ is an inhnitesimal parameter. 

Following the variational gauge-invariant formulation sketched in Section II, the varia¬ 
tional condition 6H = 0, given in Eq.(^), is 

OO 

6H = e{H,,f} + J2[6G^r,){q,,p,)e'^ + nG^r,){q,,p,)e^^-^^5e)=0. (63) 

n=l 

From this general equation and using the relations, given in Eq. (|6^) , each correction term 
in order of 6 can be computed. For the linear term in 6, Eq. ([TI|) , we get 

6Hc + G(i)Se = 0 , 

ekqi -|- = 0 , 

<^(i) = -kqi- (64) 

For the quadratic term, Eq.(^), we have 

5G(i) -l- = 0, 

—sk -|- 2,£G(^2) ~ 0 , 

G,2) = (65) 

while for the tertiary term, we obtain 
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^G(2) + 3G(3)50 — 0, 

G(3) = 0. (66) 

In view of this, all correction terms G(„) for n > 3 are null. Thus, the invariant Hamiltonian 
with the WZ terms is 

H =^qiqi-kqiO+ (67) 

which by construction satishes the gauge invariance property 

{H,f} = 0. (68) 


Note that the invariant Hamiltonian in Eq.(|67|) can be elegantly written in terms of a gauge 
held shifted, read as 


H 


- [(gi - Of + ^2^2 
k 

^qoi, 


(69) 


where 


gi = gi - 0 , 

g~2 = q2- (70) 


This algebraic expression reminds the held-shifting Stiickelberg formalism 


The main goal of the variational gauge-invariant formalism consists in to reveal the 
gauge symmetry existent in the model described by the original phase space helds. Since 
we consider the WZ variable as an auxiliary tool, we choose a representation for 6 which 
preserves its inhnitesimal gauge transformation given in Eg. (|6^ , reads as 

2 


0 = 


B 


P2- 


(71) 


Substituting the result ([TiD in the Hamiltonian, Eg. (|6^ , we get a gauge invariant Hamil¬ 
tonian written only in terms of the original phase space variables, reads as 


k 2k 2k 
H = -qiqi + -^qiP2 + -^P2P2, 


(72) 


with the constraint Ti = pi -|- ^q 2 as the gauge symmetry generator of the inhnitesimal 
gauge transformations given in Eg. (p^) . It is easy to verify that H, given in Eg. (p^) , satishes 
the hrst class algebra 
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{//,T,} = 0, 


( 73 ) 


and, consequently, the Hamiltonian (|7^ is invariant under the inhnitesimal gauge transfor¬ 
mations (|6^. 

As a result of our hrst class conversion formalism, since we have now Poisson brackets 
algebra, is the obtainment of a commutative version of the Chern-Simons-Proca quantum 
mechanical model. 

The corresponding Lagrangian can be achieved by means of the constrained path integral 
formalism The result is 

~ B B 1, 

L = ■^^292 - —qiq2 - —qiq2 - -kq2q2, 

■ ■ B d , , 1, 

= si®® - 2 


being the corresponding action invariant under the inhnitesimal transformations Note 
that qi variable has not appeared in Eq.([74D except into the total derivative. A similar 
result, using the BFFT formalism, was obtained in Ref. |^. From the Fq.(|7^), we obtain 
the following equation of motion 


q2 = 


R2 


?2, 


(75) 


where it is just the usual harmonic oscillator having the frequency uj = 2k/B. Eq. ([75|) is 
the same obtained if we use the CSP second class Lagrangian, Eq.(^). This result indicates 
the equivalence of our CSP gauge-invariant theory and the CSP second class model. 

The invariant model given by the Lagrangian (|^ presents the hrst class constraint 
Ti = Ti = Pi -|- yg 2 which is, according to the consistency of the formalism, the initial 
second class constraint picked up to forge the generator of the symmetry. 

Finally, it is important to mention that the variational gauge-invariant formalism is 
capable to reveal the gauge symmetry existent on the original phase and conhguration 
spaces, a result that was not yet discussed in the literature. 


D. Chiral-bosons field theory 

Considerable attention has been given to the chiral-bosons held theory. This model is 
relevant to the comprehension of superstrings, W gravities, and general two-dimensional held 
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theories in the light cone. Its apparent simplicity hides intrigning and interesting points that 
remain nntil now. 

The Floreanini-Jackiw (FJ) chiral-boson model has its dynamic governed by the following 
Lagrangian density []K 


£ = 


1/2 


(76) 


where dots and primes represent derivatives with respect to time and space coordinates, 
respectively. Spacetime is assnmed to be two dimensional Minkowskian variety. The primary 
constraint is 


r(0,7r) = 7r-0', (77) 

and the canonical Hamiltonian is 

Tfe = f'- (78) 

The time stability condition for the constraint T does not lead to any new one because 
it satishes the following Poisson bracket relation 

{T(x),T(y)} = -2S'(x-y). (79) 


The goal of this section is to open up the possibility to implement a consistent covariant 
quantization of FJ chiral-boson. To this end, the variational gauge-invariant formalism will 
be used. This formalism begins introducing an arbitrary function into the Hamiltonian, 

'H = 7ic +G{(j),Ti(j„9) = (j)' J-G((/), 7r0,0), (80) 

where G(0, 6) is given by Eq.(^. 

The generator of gauge symmetry, T , is chosen as 


f = 71-4)' ye, 


where the auxiliary held satishes a non 


canonical Poisson bracket 


relation! 


( 81 ) 


^It is not difficult to see that the constraint that leads to the brackets (^^ is given by 

T = tt' + 10 p. 0. 
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Mx),0(p)} = 26'(x-p). (82) 

Combining Eqs. (|T9D and (^), we have the hrst class Poisson bracket 

{fW,f(j/)}=0, (83) 

In order to begin with the variational gauge-invariant formalism, the variational condi¬ 

tion (6H = 0), given in Eq.(PD[) must be obeyed. The gauge infinitesimal transformations 
generated by T are 

(50(x) = £ {</)(x),f(y)} =eS(x-y), 

d7r(x) = e {7r(x), f(y)} = -ed'(x - y), (84) 

SHcix) = e{(/)'(xf,f(y)} = 2e(^'(x)S'(x - y), 

60(x) = e {0(x),f(y)} = 2 e6'(x - y). 

Using these relations and following the prescription of the variational gauge-invariant for¬ 
malism, the linear and quadratic correction terms are, respectively, obtained as 

+ G(i)50 = 0, 

2e(l)'{x)5'{x — y) + 2e5'{x — y)G(i) = 0, 

G(i) = -0', (85) 

5G(i) + 2G(2)50 = 0, 

-e5\x -y) + 4:eS'{x - y)G{y^ = 0, 

^( 2 ) = ( 86 ) 

As the secondary correction term is a scalar, all correction terms for n > 3, are null. 
Therefore, the gauge invariant Hamiltonian density is 

H = y- 4,'e + ie\ 

= (^' - \»?- (87) 

Using Eqs. (|8^) , it is easy to verify that Ti, Eq.(^), satisfies a first class algebra, given by 

{7Y,T} = 0, (88) 


with T = TT — <p' + 6. 
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in 


The gauge-invariant Hamiltonian, Eg. (|87|) , is the same obtained by Amorim and Barcelos 
2^ via BFFT formalismi with the advantage that we have used few algebraic steps. Then, 
our results indicate the equivalence between the variational gauge-invariant formalism and 
the BFFT first class conversion method. 

The obtainment of the corresponding density Lagrangian is just a matter of direct cal¬ 
culation by means of the constrained path integral formalism and the result is the same 


obtained in Ref. pg. It is opportune to comment that in the chiral bosons model, at first, 
is not possible to choose an adequate representation for the WZ field in terms of the original 
phase space variables. It occurs due to the singular property of the FJ chiral-boson model, 
whose constraint, Eq.([77[), satisfies a second class algebra, given in Eq.(^). Thus, it is 
necessary, in principle, to adding a WZ variable in the obtainment of the first class algebra, 
Eq.(^ 


IV. CONCLUSIONS 

In this paper, we have proposed a new approach to reformulate second class systems as 
gauge invariant theories. This gauge-invariant formalism is based on early conception that 
invariant models satisfy the variational principle. Following this idea and the Faddeev’s 
suggestion [Q, we apply the variational principle on the WZ extended system in order to 
unveil symmetries present on the original second class system. One important feature of 
this formalism is the possibility to choose a convenient gauge symmetry generator which 
allows to investigate physical properties connected to gauge symmetries. In general, it 
is possible to substitute the WZ fields into the extended Hamiltonian that, subsequently, 
generates a gauge invariant Hamiltonian written in terms of the original phase-space fields. 
It is a meaningful characteristic displayed by the variational gauge-invariant formalism. 
Another point that deserves to mention is the simple algebraic computation of the WZ 
extended Hamiltonian when compared with other constraint conversion formalisms 
The variational gauge-invariant formalism was applied to different physical systems. First, 
we consider the reduced-SU(2) Skyrme model, where we have obtained a first class version 


^Here, it is appropriate to comment that chiral-boson field theory is an example which the BFFT 
scheme does not necessarily involve fields canonically conjugated to the Wess-Zumino fields. 
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for the original second class model. At this point, it is important to recall that the BFFT 
formalism has some additional difficulty to convert the whole set of second class constraints 
to hrst one ||l6| , p7| . Here, in this paper, we avoid this problem and, as a consequence, we 
have a success to convert the whole set of second class constraints to hrst one. We have also 
computed the energy spectrum, which reproduces the same results obtained in the literature 
Eiai- Second, we reformulate the CSP model as an invariant model which is written only 
in terms of the original phase space variables. This theory now becomes commutative. As 
long we known, it is a new result not yet presents in the literature. Third, the second class 
nature of the two dimensional self-dual model has been changed to the hrst one through the 
variational gauge-invariant formalism, which reproduces the results, given in Ref. , in an 
ehortless way. 
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